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Abstract Adsorption kinetics is a key-issue for a suc-

cessful activated carbon selection and design of the treatment

system. Crucial predictive aspects are the determination of

the diffusion coefficients and the establishment of the con-

trolling adsorption step. Several kinetic models have been

developed and two of the most frequently used, the homo-

geneous surface diffusion model (HSDM) and the Boyd’s

model, were applied to microcystins, and particularly MC-

LR adsorption. Different initial MC-LR concentrations and

carbons (particle diameter, porosity), yielding diverse Biot

numbers (Bi), were tested. The model outcomes were com-

pared, namely the Boyd’s effective intraparticle diffusion

coefficient (Di) with the HSDM surface diffusion coefficient

(Ds), as well as the Bi and Boyd’s criteria to establish the

controlling adsorption step, which constitute a novel

approach. Very good HSDM fittings were achieved with a

constant diffusion model (Ds independent of MC-LR surface

concentration). Di was similar to Ds whenever Boyd plots

intercepted the origin. The Biot limit above which it may be

considered that intraparticle diffusion is the rate limiting step

depended on the carbon. A lower limit was observed for

smaller carbons.

Keywords Adsorption kinetic models � HSDM � Boyd

model � Intraparticle diffusion coefficient � Microcystins

Abbreviations

HPLC High-performance liquid chromatography

HSDM Homogeneous surface diffusion model

MC–LR Microcystin-LR

NOM Natural organic matter

PAC Powdered activated carbon

PLR Piecewise linear regression

SPE Solid phase extraction

SSE Sum of square errors

Variables

B Boyd number (-)

Bi Biot number (-)

C0 Initial liquid-phase concentration (M/L3)

Cb (t) Bulk liquid phase concentration (M/L3)

Cs (t) Liquid phase concentration at solid–liquid

interface (M/L3)

dp Adsorbate particle diameter (L)

Ds Surface diffusion coefficient (L2/T)

Di Effective intraparticle diffusion coefficient (L2/T)

F(t) Fractional attainment of equilibrium (-)

KF Freundlich isotherm capacity constant (units in

Table 4)

kf External mass transfer coefficient (L/T)

M Total mass of carbon (M)

n Freundlich isotherm constant

q Solid-phase concentration (M/M)

qe Solid-phase concentration in equilibrium (M/M)

q(r, t) Solid phase concentration (M/M)

qavg Average solid phase concentration (M/M)

qs Solid phase concentration at solid–liquid interface

(M/M)

q0 Initial solid phase concentration (M/M)

r Radial coordinate (L)

R Radius of adsorbent particle (L)
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t Time (T)

V Liquid-phase volume (L3)

Greek symbol

qp Apparent density of particle (M/L3)

1 Introduction

Episodes of micropollutants are often controlled by pow-

dered activated carbon (PAC) addition in drinking water

and wastewater treatment plants due to its practical use and

effectiveness. Activated carbons are usually selected based

on their adsorption capacity for a specific contaminant

(adsorbate) but the solute’s rate of removal is also a crucial

factor for designing the system. Different adsorbents have

different pore structures and different surface chemistries,

consequently adsorption rates may be controlled by pore,

surface or external film diffusion or by a combination of

these transport resistances (Choy et al. 2004).

In the past decades, several mathematical models have

been proposed to describe the adsorption kinetic data,

which can generally be classified as adsorption reaction

models and adsorption diffusion models (Qiu et al. 2009).

The latter are always based on three steps (Fig. 1) (Ho and

McKay 1998; Baup et al. 2000; Ocampo Pérez et al. 2012):

1. Mass transfer of solute from the bulk solution through

the stagnant film surroundings to the particle external

surface (external or film mass transport);

2. Mass transfer of solute within the particle (internal or

intraparticle diffusion). Intraparticle diffusion may be

due to pore volume diffusion (diffusion in the fluid-

filled pores), surface diffusion (migration along the

pore surface in which an adsorbate hops from one to

another available adsorption site in a series of adsorp-

tion–desorption reactions) or a combination of both

(Zhang et al. 2009);

3. Solute attachment onto the surface of the adsorbent

surface site—adsorption.

Step 3, adsorption, is usually very rapid compared to the

first two steps, and the overall rate of adsorption is there-

fore often controlled by the first or the second steps,

whichever is slower, or a combination of both (Malash and

El-Khaiary 2010). Adsorption reaction models, such as

first- and second-order kinetic equations, do not describe

individually the above mentioned steps (Qiu et al. 2009;

Ocampo-Pérez et al. 2012).When these kinetic models are

applied it is normally assumed that the overall rate of

adsorption is exclusively controlled by the adsorption rate

of the adsorbate on the adsorbent surface, and both

intraparticle diffusion and external mass transport can be

neglected (Ocampo-Pérez et al. 2012).

Several diffusion models, with different degrees of

complexity (Marczewski et al. 2013), have been used over

the years. One frequently used is the homogeneous surface

diffusion model (HSDM) (Ocampo-Pérez et al. 2013). The

HSDM predicts the diffusion of a molecule from the

external surface of the adsorbent particle through the pore

surface to the adsorption site and assumes that internal

mass transfer is only due to surface diffusion and that pore

volume diffusion resistance is negligible (Baup et al.

2000). The HSDM has been effectively used to determine

the surface diffusion coefficient (Ds) of several solutes and

to predict the PAC dosages for full-scale systems (Cook

and Newcombe 2008; Zhang et al. 2009).

On the other hand, Boyd’s intraparticle diffusion model

(Boyd et al. 1947) is currently one of the most widely used

models for studying the adsorption mechanisms (Malash

Fig. 1 Diffusion mechanisms

involved in the adsorption

process (Adapted from Baup

et al. 2000)
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and El-Khaiary 2010). Boyd’s model is frequently applied

to kinetic data to analyse which is the rate limiting step,

intraparticle diffusion or film diffusion, but this model also

allows establishing the effective intraparticle diffusion

coefficient (Di).

Until now the application of both models is rather

independent, and a comprehensive analysis of how does the

Boyd’s model compare with the HSDM to estimate the

intraparticle diffusion coefficient in adsorption processes is

still lacking.

Therefore, the aim of this article is to fill this gap of

knowledge and more specifically to assess Boyd’s model

applicability to estimate the intraparticle diffusion coeffi-

cients in adsorption processes. To investigate the impor-

tance of external mass transfer compared to intraparticle

diffusion both the Biot number (Bi) and Boyd’s model

criteria were used, the former using the coefficients

obtained from the HSDM.

Microcystin-LR (MC-LR) was selected as the target

compound since it is an environmental health hazard of

chemical interest and increasing concern due to climate

change effects. On one hand, MC-LR is hepatotoxic,

tumour-promoter and the most commonly occurring cy-

anotoxins. On the other hand, while the relative size of the

target adsorbate compared to natural organic matter

(NOM) size distribution and activated carbon porous dis-

tribution is a key feature for micropollutant adsorption,

MC-LR, with a molar mass of 994 Da (Campinas and Rosa

2006), is larger than most micropollutants studied. Besides,

cyanobacterial blooms, and consequently cyanotoxin

detection, are often seasonal episodes controlled by PAC

addition to drinking water treatment, and surface diffusion

models have shown to accurately describe the PAC

adsorption kinetics of microcystins (Cook and Newcombe

2008).

Experiments were performed with several MC-LR

concentrations and carbons with different particle diame-

ters and MC-LR adsorption capacities, which yielded a

range of Biot numbers.

2 Theory

2.1 Boyd’s model

Boyd et al. (1947) developed theoretical models for ion-

exchange kinetics. The adsorption community found that

these kinetic models also applied to adsorption systems and

Boyd’s diffusion models have since been applied in

numerous adsorption studies (Castillejos et al. 2011; El-

Khaiary and Malash 2011), mostly to determine the rate-

controlling step.

Following Boyd’s model (equations on Table 1; vari-

ables defined in the Nomenclature section) diffusion pro-

cesses were considered, namely particle diffusion and film

diffusion. Under conditions where particle diffusion is the

sole rate-controlling process, Eq. (1) (in Table 1) holds,

where B is given by Eq. (2) (Boyd et al. 1947). The

assumptions for these equations are (Reichenberg 1953):

1. F is a mathematical function of Bt and vice versa. The

values of Bt may be plotted against the experimental

values of t and a straight line (of B slope) passing

through the origin should be obtained provided the

diffusion coefficient Di does not vary with F over the

range of values involved;

2. For a given value of t, F depends only on Di/R
2, i.e. F

is independent of the concentration of solute ions;

3. B is inversely proportional to the square of the particle

radius. For a given value of F, dF/dt and dq/dt are

proportional to B, and the rate of exchange will be

inversely proportional to the square of the particle

radius for all values of F under conditions of particle

diffusion.

By applying Fourier transform and then integrating

Eq. (1) for F(t) [ 0.85 and F(t) B 0.85, Reichen-

berg (1953) obtained the approximations given by Eq. (3)

and Eq. (4), respectively (Table 1).

According to this model, if the intraparticle diffusion is

the adsorption rate controlling step then the plot of Bt

(calculated by Eq. (3) or Eq. (4)) against time (Boyd plot)

produces a straight line that passes through the origin. In

this case the Boyd’s coefficients may be determined, B by

the slope of Bt vs. t and Di by Eq. (2). If the plot is

nonlinear or linear but does not pass through the origin, it

can then be concluded that the limiting step is the film-

diffusion or the chemical reaction (El-Khaiary and Malash

2011; Sharma and Das 2012).

The Boyd’s plots often have a multilinear nature and

statistical tools coupled with conventional graphical ana-

lysis are therefore needed to decide about the number and

Table 1 Boyd’s model equations (Boyd et al. 1947 and Reichenberg

1953)

Equation

F ¼ q
qe
¼ 1� 6

p2 �
P1

n¼1

1
n2 � e�n2�Bt (1)

B ¼ p2�Di

R2
(2)

Bt ¼ � ln p2

6
� ln ð1� F tð ÞÞ (3) for F(t) [ 0.85

Bt ¼
ffiffiffi
p
p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p� p2FðtÞ

3

q� �2 (4) for F(t) B 0.85
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location of breakpoints, minimising the subjectivity of

linear segments determined only by visual analysis. The

piecewise linear regression (PLR) statistical method was

used in a Microsoft ExcelTM spread sheet developed by

Malash and El-Khaiary (2010).

PLR calculations were performed considering one, two,

three and four linear segments. For each case, the regres-

sion was estimated, the segmented line produced was

graphically assessed and the confidence intervals of the

linear segments were checked.

When all estimates made sense and were statistically

accepted, the models were compared for the goodness of fit

using a statistical F-test based on the extra sum of square

errors (SSE). The F-test was derived from hypothesis

testing and analysis of variance (ANOVA). This is, the

difference between the SSE of the two models being

compared were analysed, taking into account the number of

data points and the number of parameters in each model.

This information was used to calculate a F ratio and a

P value, obtained from the F distribution, using the

Microsoft� ExcelTM FDIST function (Malash and El-

Khaiary 2010). If the calculated P value was less than 0.05,

the usually chosen level of significance, one concluded that

the complex model fits the data significantly better than the

simpler model. Otherwise, the complex model was rejected

since there was no statistical evidence that it fits the data

better than the simpler model.

2.2 HSDM

The basis of this model was proposed by Mathews and

Weber (1976) and included the effect of external mass

transfer, unsteady-state surface diffusion in the particle and

a nonlinear adsorption isotherm. The assumptions of

HSDM are:

1 The adsorbent particle is assumed to be a homoge-

neous solid sphere in which the adsorbate is trans-

ported by surface diffusion;

2 The rate-controlling process is mass transport by film

and surface diffusion only;

3 A driving force describes the liquid film resistance to

mass transfer at the outer surface of the particle;

4 Instantaneous equilibrium between the carbon particle

and the adsorbate occurs at the outer surface of the

carbon particle.

The equations describing the HSDM are presented in

Table 2 and the variables are defined in the Nomenclature

section. There are several methods for solving the HSDM;

herein (Roy et al. 1993) approach was used. These authors

used the orthogonal collocation method to discretize the

partial differential equations of the HSDM to ordinary

differential equations with initial conditions, and then

applied Laplace transforms to convert the linear ordinary

differential equations to algebraic equations (Roy et al.

1993).

2.3 Biot number

Once the external and internal diffusion coefficients are

determined for a given adsorption system, or more spe-

cifically the mass transfer coefficient (kf) and the surface

diffusion in the particle (Ds) are known, the surface dif-

fusion modified Biot number (Bi) can be estimated from

Eq. (12), where C0 is the initial liquid-phase concentration

and q0 is the solid phase concentration in equilibrium with

C0 (Roy et al. 1993; Erosa et al. 2001).

Bi ¼ kf � dp � C0

2 � qp � Ds � q0

ð12Þ

The Biot number represents the ratio of the rate of

transport across the liquid layer to the rate of diffusion

within the particle and provides a criterion for the domi-

nance of external diffusion over surface diffusion. For

Bi � 1 external mass transport resistance is the mass

transfer controlling step (Traegner and Suidan 1989; Erosa

et al. 2001; Boschi et al. 2011). However, the Bi limit that

establishes the dominance of internal diffusion is not

Table 2 Basic equations for the

HSDM (adapted from Roy et al.

1993)

Equation Role

dCb

dt
V ¼ �M

dqavg

dt
(5) Mass balance for closed batch test

qavg ¼ 3

ðdp=2Þ3 r
dp=2

0

qðr; tÞr2dr
(6) Average carbon load

oq

ot ¼
Ds

r2
o
or ðr2 oq

orÞ (7) Diffusion equation for a spherical particle

q r; 0ð Þ ¼ 0 (8) Initial condition

oq
or ¼ 0 for r ¼ 0 (9) Boundary condition for the centre of the spherical particle

qpDs
oq
or ¼ kr Cb � Csð Þ (10) Boundary condition for continuity of flux at r = dp/2

qs ¼ KFCn
s (11) Freundlich isotherm for equilibrium at solid–liquid interface
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consensual. While some authors consider Bi � 1 (Erosa

et al. 2001; Boschi et al. 2011) others use Bi � 100

(Traegner and Suidan 1989; Roy et al. 1993; Prasad and

Srivastava 2009). For the latter, Bi numbers between 1 and

100 indicate that both internal and external mass transfer

are important for the adsorption rate.

3 Materials and methods

3.1 Activated carbons

The experimental runs were performed with two PACs,

SA-UF (NORIT) and AQUA (Aquasorb BP4 from

JACOBI carbons) and one granular activated carbon

(GAC), F200 (Calgon Corporation) (Table 3).

Prior to use, F200 GAC (700 lm average diameter) was

crushed in a Retsch AS 200 grinder, sequentially sifted

through 180 and 125 lm sieves and washed with ultrapure

water to remove fines. All carbons were oven dried at

105 �C overnight to remove excess water and stored in a

desiccator until use.

3.2 Microcystin-LR

Microcystins (MCs) are cyclic heptapeptides that share a

general structure containing five fixed amino acids and two

variable L-amino acids, designated as X and Z. The most

commonly occurring microcystin contains leucine in

position X and arginine in position Z, and is therefore

called MC-LR (Sivonen and Jones 1999). In the experi-

mental work conducted with AQUA and F200 carbons pure

MC-LR and MC-extract were used, supplied by Jussi

Meriluoto (Åbo Akademi University, Finland). The

experimental work with SA-UF carbon was performed with

a MC-extract from a Microcystis aeruginosa laboratory

grown culture, as described in Campinas and Rosa (2006).

This extract contained four MC variants (MC-LR, MC-LY,

MC-LW and MC-LF) detected by high-performance liquid

chromatography (HPLC), MC-LR being the dominant

(75 % of total microcystins). MC-LR has a molecular

weight of 994 Da and molecular dimensions of

1.4–2.6–2.9 nm (Sathishkumar et al. 2010; Zhang et al.

2011) and a net charge of -1 in the pH range tested

(5.2–6.7) (Campinas and Rosa 2006).

3.3 Model waters

Kinetic and isotherm tests were carried out with organic

and inorganic-free water obtained from a Milli-Q� water

purification system (resistance C 18 MX/cm). Just before

starting the experiments, ultrapure waters were spiked with

MC-LR (either pure toxin or extract) to the desired initial

MC-LR concentration (lg MC-LR/L when using pure MC

or lg MC-LReq/L when MC-extract was used). The pH of

the assayed waters varied between 5.2 and 6.7.

3.4 Analytical methods

Samples were filtered through a Whatman GF/C (1.2 lm;

used in AQUA and F200 runs) or GF/F (0.7 lm; in SA-UF

runs) filter and the filtrate was passed through a SPE (solid

phase extraction) cartridge to extract the toxin(s) for ana-

lysis through HPLC with photo-diode array detection

(Dionex Summit system). The extraction and analytical

procedures used were developed by Meriluoto and Spoof

with the adaptations described in Campinas and Rosa

(2006).

3.5 Batch adsorption tests

Batch adsorption tests were performed to characterize the

adsorption isotherms and kinetics of MC-LR onto AQUA

and F200 carbons. The experiments with SA-UF carbon

were performed in an earlier study (Campinas et al. 2013)

but their description and part of the results are herein

included for comparing with the other two carbons. The

studied carbons differed in terms of MC-LR adsorption

capacity and particle size; accordingly, different experi-

mental conditions were tested with respect to carbon dose

and contact time.

Batch equilibrium tests were performed to obtain MC-

LR adsorption isotherms. Ultrapure waters spiked with

MC-LR were added to 250 mL bottles leaving a 20–30 mL

headspace. Activated carbons were added and the bottles

were sealed and stirred in an Edmund-Bühler KM–2 orbital

shaker (250 rpm, 23 �C) for 65–72 h (the equilibrium time

previously determined). Carbon doses tested were

16–60 mg/L for AQUA and F200, and 8–25 mg/L for SA-

UF. Toxin concentration was 0.078–0.217 mg MC-LReq/L,

and the mass adsorbed onto carbon was calculated by mass

balance.

Identical batch tests were conducted for studying MC-

LR adsorption kinetics onto AQUA and F200 carbons and

jar-tests (Flocumatic Selecta apparatus) at 200 rpm were

Table 3 Characteristics of the studied activated carbons (adapted

from Li et al. (2003), Campinas and Rosa (2006) and Costa (2010))

Characteristics SA-UF AQUA F200

Average particle diameter (lm) 6 21 152.5a

pHpzc 9.6 8.4–8.8 7.4 ± 0.8

Total micropore volume (cm3/g) 0.54 0.36 0.32

Total mesopore volume (cm3/g) 0.36 0.15 0.14

a 125–180 lm are minimum–maximum particle diameters
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performed with SA-UF. Pre-weighted masses of each car-

bon were soaked overnight in ultrapure water to allow for

complete wetting of the pores. Immediately before starting

the experiment, a given volume of the model water was

added to each batch reactor to make up 80 mL (AQUA and

F200) or 500 mL (SA-UF). Samples were taken at prede-

termined time intervals. Batch tests with AQUA and F200

were conducted with 31 mg/L carbon and a sampling

period up to 6 h (AQUA) or 120 h (F200); those with SA-

UF were performed with 5 mg/L carbon and samples were

taken over a 4 h period. Toxin concentrations of

0.088 mg MC-LR/L (AQUA), 0.079 mg MC-LR/L (F200)

and 0.034–0.143 mg MC-LReq/L (SA-UF) were tested.

Identical temperature conditions (21–23 �C) were applied

to all batch reactors.

4 Results and discussion

4.1 HSDM results

For the application of the kinetic models a prior charac-

terization of MC-LR adsorption equilibrium was per-

formed. A non-linear Freundlich adsorption model (Eq. 11)

was applied to isotherm data, producing the plots and

parameters shown in Fig. 2 and Table 4, respectively. Data

relative to SA-UF PAC were earlier produced (Campinas

et al. 2013) and are herein included for comparison with

AQUA and F200 data.

The HSDM (Eq. 5–10) was then applied to the experi-

mental data relative to the adsorption kinetics of MC-LR

onto the three studied carbons, SA-UF, AQUA and F200,

as illustrated in Fig. 3. For SA-UF (Fig. 3 left), the model

fitted simultaneously the three data sets for the three initial

concentrations.

HSDM fitting calculations were performed using the

software package ScientistTM from MicroMath� (USA).

By fitting the model to MC-LR concentrations in the

aqueous phase, the two kinetic parameters, kf and Ds, were

obtained (Table 5).

Campinas et al. (2013) found that for SA-UF adsorption

kf and Ds were both independent of the initial MC-LR

concentration and kf showed a minor effect on Ds, a result

consistent with other authors’ approach, which also con-

sidered Ds the main adjustment parameter (Cook and

Newcombe 2008) (Table 5).

1

10

100

0.1 1 10 100

qe
 (

ug
/m

g)

ce (ug/L)

SA-UF

AQUA

F200

Fig. 2 MC isotherms data and Freundlich model fittings

Fig. 3 HSDM fittings for MC-LR adsorption onto SA-UF and F200 carbons

Table 4 Freundlich parameters for MC-LR adsorption onto SA-UF,

AQUA and F200 carbons

Carbon KF (lg/mg)

(lg/L)(1/n)
KF (lmol/mg)

(lmol/L)(1/n)
KF

error

(%)

1/n 1/n

error

(%)

r2

SA-UFa 17 0.22 37 0.37 16 0.934

AQUA 1.6 0.0063 15 0.20 20 0.995

F200 1.1 0.021 33 0.42 16 0.996

a data published in Campinas et al. (2013)

742 Adsorption (2014) 20:737–746

123



The good agreement between the HSDM fittings and the

experimental data shows that this model can successfully

describe the adsorption of MC-LR for the different carbons

and initial concentrations studied (Fig. 3).

Taking into account the Biot criteria and for the studied

conditions, MC-LR adsorption seems to be controlled by

both film transfer and intraparticle diffusion for AQUA and

F200, as Biot numbers (Table 5) varied between 15 and 21

(Sect. 2.3; Traegner and Suidan 1989; Roy et al. 1993;

Prasad and Srivastava 2009). Concerning fine PAC SA-UF,

although Bi values are not�1, they are close to 1 and one

order of magnitude below those of the previous carbons,

which points to a stronger relevance of film transfer.

4.2 Boyd’s model results

The equilibrium concentrations (qe) were estimated by the

Freundlich isotherm equation in combination with simple

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

0 2000 4000 6000 8000

B
t

t (min)

F200 (Bi 13)

AQUA (Bi 21)

PLR segments

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

0 50 100 150 200 250

B
t

t (min)

SA-UF (Bi 0.7)

HSDM generated data

PLR segments

t (min) t (min)  

Fig. 4 Boyd plots for MC-LR adsorption onto SA-UF, AQUA and F200 carbons

Table 5 HSDM results of MC-

LR adsorption onto SA-UF,

AQUA and F200 carbons

a data published in Campinas

et al. (2013)
b minimum, average and

maximum particle diameters

were considered for this carbon

Carbon dp (lm) C0 (mg/L) kf (m/s) Ds (m2/s) Ds error

(%)

r2 Bi

SA-UFa 6 0.034 11 9 10-6 1.0 9 10-16 54 0.973 0.7

0.088 1.3

0.143 1.8

AQUA 21 0.088 16 9 10-6 3.4 9 10-16 47 0.905 21

F200b 125 0.079 2.0 9 10-6 3.1 9 10-16 15 0.990 16

152.5 4.7 9 10-16 16 0.990 13

180 7.1 9 10-16 20 0.985 10

Table 6 Boyd’s model results of MC-LR adsorption onto SA-UF, AQUA and F200 carbons

Carbon dp (lm) C0 (mg/L) Bi Bt vs. t intercept Bt vs. t crosses origin? Di (m2/s)c Di error (%)c

SA-UFa 6 0.034 0.7 –0.08 ± 0.03 No (1.8 9 10-16) (4)

0.087 1.3 –0.08 ± 0.02 No (1.8 9 10-16) (4)

0.143 1.8 –0.08 ± 0.02 No (1.8 9 10-16) (4)

AQUA 21 0.088 21 –0.03 ± 0.23 Yes 5.5 9 10-16 29

F200b 125 0.079 16 –0.04 ± 0.03 No (6.1 9 10-16) (7)

152.5 0.079 13 (9.0 9 10-16) (7)

180 0.079 10 (13 9 10-16) (7)

a using data generated by HSDM; refers to MC-LReq

b minimum, average and maximum particle diameter were considered for this carbon
c whenever Boyd plot does not cross the origin, the Di value (from Eq. (2)) is presented between brackets since it was obtained out of the model’s

range of applicability; the same applies to Di error
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mass balance. Then, for each kinetic data, F(t) was calcu-

lated as q(t)/qe (Eq. 1) and Bt was obtained by applying

Eq. (3) if F(t) [ 0.85 or Eq. (4) if F(t) B 0.85.

As previously referred (Sect. 2.1), Malash and Khaiary’s

PLR method was used for defining, on a sound statistical

basis, the number and location of breakpoints on Boyd’s

plots. As the experimental data for the SA-UF carbon were

insufficient for PLR application, the HSDM model was

used to generate data for this carbon. For AQUA and F200

carbons the PLR method was directly applied. When lin-

earity was found and the plot crossed the origin, Di was

calculated from Eq. (2). Results of the Boyd’s model for

the three studied carbons, and the associated Biot numbers,

are presented in Table 6 and Fig. 4. The Di errors were

calculated for a confidence interval of 95 %.

AQUA Boyd plot produces a straight line (with no

breakpoints) passing through the origin. F200 Boyd plot also

shows a linear trend (with no breakpoints), although it does

not cross the origin. SA-UF Boyd plot shows two linear

segments (one breakpoint) and does not intercept the origin.

According to Boyd’s criterion (El-Khaiary and Malash 2011;

Sharma and Das 2012) it can be concluded that, in the studied

conditions, intraparticle diffusion was the rate-controlling

step for MC-LR adsorption onto AQUA carbon whereas

film-diffusion or a combination of both was the rate-limiting

step for the remaining carbons. From these results and those

obtained with the HSDM and Biot number (Sect. 4.1), it

seems that the rate controlling steps are film transfer for SA-

UF adsorption, intraparticle diffusion for AQUA and both

external and internal transfer for F200.

Boyd’s model allows calculating the effective diffusion

coefficient (Di), provided the Boyd plot passes through the

origin, which happened only for AQUA carbon. In such

case, and considering the associated error, the Di estimated

for MC-LR adsorption was 3.9 9 10-16 – 7.1 9

10-16 m2/s (Table 6), which reasonably agrees with the Ds

coefficient obtained with the HSDM, 1.8 9 10-16 –

5.0 9 10-16 m2/s (Table 5) (20 % overlapping of the

overall variation range).

The Di values for SA-UF and F200 carbons are displayed

in Table 6 between brackets for highlighting the associated

reservations, since they refer to Boyd’s plots that do not cross

the origin, i.e. to conditions in which Boyd’s model is out of

its application range for estimating Di. Actually, in such

cases, the diffusion coefficients obtained using the Boyd’s

model (Di in Table 6) differ from those obtained with the

HSDM (Ds in Table 5), an aspect to be further explored in the

next section for a higher range of Bi values.

4.3 Boyd’s model analysis for higher Bi values

The HSDM was used to generate Bt vs t data for Bi values

of 10 and 100 for SA-UF PAC, and for Bi 50 and 100 for

F200 GAC (Table 7). The PLR method was applied to

these data and the linear segments obtained are represented

in Fig. 5. The Boyd’s coefficients (Bt vs t intercept, Di and

Di error) are shown in Table 7.

All Boyd plots generated present linear trends crossing

the origin. Hence, the diffusion coefficient, Di, may be

calculated. Table 6 shows that, for the simulated condi-

tions, Di and Ds results are very similar. Analyzing all the

Bi values and the diffusion coefficients (Tables 5–7), it

may be concluded that when the Boyd plot does not

intercept the origin, Di (estimated by Boyd’s model) and Ds

(estimated by HSDM) significantly differ, whereas they are

reasonably consistent when the Boyd plot crosses the ori-

gin. Moreover, as the Bi number increases, the effective

diffusion coefficient from Boyd’s model decreases and

converges to the surface diffusion coefficient from HSDM.

With respect to the rate-limiting step approach, both

Biot and Boyd’s criteria indicate intraparticle diffusion for

SA-UF and F200. The limit above which intraparticle

diffusion dominates depends on the carbon: for instance, it

must be between 1.8 and 10 for SA-UF, below 21 for

AQUA and between 16 and 50 for F200.

The rate limiting step determines the practical options to

improve adsorption. When film diffusion is limiting the

adsorption, one should improve mixing/turbulence. If

intraparticle is the limiting step, finer carbon particles should be

used.

5 Conclusions

A comparison was made between the homogeneous surface

diffusion model and Boyd’s model, namely the model’s

Table 7 Boyd’s model generated results of MC-LR adsorption onto SA-UF and F200 carbons in the 10–100 Biot range

Carbon dp

(lm)

kf

(m/s)

HSDM

Ds (m2/s)

Results produced using HSDM generated data

Bi C0 (mg/L) Bt vs. t intercept Bt vs. t crosses origin? Boyd Di (m2/s) Di error (%)

SA-UF 6 11 9 10-6 1.0 9 10-16 10 2.24 0.00 ± 0.01 Yes 1.1 9 10-16 1

100 89 0.000 ± 0.001 Yes 1.0 9 10-16 0.2

F200 152.5 2.0 9 10-6 4.7 9 10-16 50 0.529 0.004 ± 0.009 Yes 5.4 9 10-16 4

100 1.357 0.003 ± 0.007 Yes 5.1 9 10-16 3
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applicability to establish the adsorption rate-controlling

step and to estimate the intraparticle diffusion coefficients.

The microcystins adsorption onto three commercial acti-

vated carbons used in drinking water treatment was

investigated under a wide range of Biot values, i.e. under

external and internal diffusion controlled regimes or a

combination of both.

Relevant conclusions of this work are

• HSDM was used for the three carbons and achieved

very good fittings.

• The Bi limit that establishes the dominance of internal

diffusion was found to be dependent on the carbon.

Lower Bi limits were observed for carbons with smaller

particle diameter.

• When the Boyd plot intercepts the origin, the effective

diffusion coefficient estimated by Boyd’s model is

similar to the surface diffusion coefficient determined

from HSDM; when the Boyd’s plot does not cross the

origin, HSDM must be used to estimate the diffusion

coefficient, a crucial parameter for the successful

application of adsorption.
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